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1. Introduction 3
Y
Suppose in a laboratory, say Laboratory I, a certain instrument is designed to mea- r
r

sure several characteristics, and a number of vector-valued measurements is recorded.
Qur objective is to estimate the unknown population mean. It is known, however,
that a similar instrument is used in another laboratory, say Laboratory II for the
same purpose, and a number of observations is recorded from the second instrument.
It is also suspected that the two population means are equal, in which case, observa-
tions recorded in Laboratory Il can possibly be used elfectively together with those
in Laboratory | for estimating the population mean of the first instrument. Thus,
the question that naturally arises is whether one should use the sample mean from
Laboratory I or the pooled mean from the two laboratories.

- In problems of this type what is normally sought is a compromise estimator which
leans more towards the pooled sample mean when the null hypothesis of the equality of
the two population means is accepted, and towards the sample mean from Laboratory

P LoD fl’(lf X T 2 RN g

I when such a hypothesis is rejected. N
A very popular way to achieve this compromise is to use a preliminary test esti- "
mator (PTE) which uses the pooled mean when the null hypothesis is accepted at a ;:
desired Jevel of significance, and uses the sample mean from Laboratory [ when oppo- ‘
site is the cae. For an excellent review of PTTE’s, see Bancroft and Tfan (1981). Tt is a
known, though, in other situations that a PTE is typically not a minimax estimator, \
and estimators with uniformly smaller mean squared error (MSE) than the PTE can ]
often be produced (see for example Sclove et al (1972)). Moreover, the degree of ::
evidence for or against the null hypothesis is not reflected in the PTE. .
In this paper, we propose instead an empirical Bayes{EB) estimator which achieves :
the intended compromise. Such an EB estimator is quite often a weighted average of f-',".'
the pooled mean and the first sample mean. The weights are adaptively determined )
from the data in such a way that larger the value of the usual F' statistic used for 'Tj:.
testing the equality of the two populatin means, the smaller is the weight attached L
towards the pooled sample mean. Thus, unlike the PTF, the EB estimator incorpo- o
rates the degree of evidence for or against the null hypothesis in a very natural way. "
Also, unlike a subjective Bayes estimator, the BB estimator is quite robust (with ':',.
respect 1o its frequentist. or Bayesian risk) against a wide class of priors. he
Section 2 motivales the TB estirnator, and its Bayesian properties are discussed :
in this Section. Among other things, it is shown that the ED estimator has uni- ::
formly smaller Bayes risk than the first sample mean. In Section 3, the estima- :_
tors are compared in terms of their frequentist risks, and sufficient conditins un- o
der which an EB estimator dominates the first sammple mean are given. Also, in \"
this section, a modified EB estimator is proposed, and sufficient conditions un- 3
der which it dominates the PTE are given. Finally, in Secltion 5, a hierarchical .
Bayes approach is proposed as an alternative to BB estimators. [t has recently %
o
o
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come Lo our attention that Saleh and Ahmed (1987) have considered estimation
of juy under the loss L(6,uy) = (6 — 1)’V Y6 — y1y), assuming V;, = V, = V

unknown, and proposed the shrinkage estimator X, + n—:‘f‘;;()“(z - Xy) - 73 where
2 _ nyn o o VW¢o-1/s o — N .
T = s (%2 — %,)'S™ (%2 - ®y), nS = pooled sum of squares and products matrix,

n=mn+tn,—-2 and 0 < ¢ < "'f(':’;__z'f”. A comparison of the risk of the above
eslimator with those of the PTE as well as %, and 91%:—:"—2:33 is also undertaken by

the above authors.
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2. The EB Estimator and its Bayesian Properties

Let Xyt = 1,....ny) and Xy(¢ = 1,...,n2) be independent p(> 3)-dimensional
random vectors, where X;'s are iid N,(j11,02 V), while Xy,'s are iid Ny(p2,0*V,).
In the above y1;, € R", i, € B" and o*(> 0) are unknown, but V, and V; are known
p x p p.d. matrices. Qur goal is to estimate p,.

In order to motivate the EB estimator, we need find first a Bayes procedure. 1t is
immediate that the minimal sufficient, statistic for (jey, s12,0%) is (X, Xo, tr(V; 'S+
V,'S,)), where X; = "’j_’ Sy X =1,2)and S; = U2 (X, - X)) (X =X)L g =
1,2. Note also that X; ~ N,,(u,,o’n;'V,-) (7 = 1,2), while tr(V{'S; + V,71S,) ~
02)((2"‘ tng -2)p°

In a Bayesian frame work, the above is treated as a conditinal distribution given
and jiz, that is the prio;va}Ta‘n—ce - covariance matrix is proportional to the variance-
covariance matrix of the corresponding sample mean. The suspicion that ju; and y,
may be equal is reflected in the choice of a priori common mean v. For a related prior
in the general regression model, see Ghosh et al (1987).

"

In order to find the posterior distribution of pz = :1 , first note that conditional
H2

on ji; and a2, X;,X2, Sy and S, are mutually independent, and the distributions of
S1,S2 do not depend on u; and p3. [ence, we can restrict ourselves to the conditional
distributions of X;’s given u,’s. Also, since y1y and p; have independent normal
priors, standard calculations yield that yy and p; given X, and X, have independent
posterior distributions with

1;1X; = %; ~ N,((1 —= B)%,; + Bv,o*(1 - B)n;'Vj) (2.1)
7 = 1,2 where B = 0?/(0® + r%). Now, using the loss

L{py,a) = o'z(a - u,)TQ(a ) (2.2)

for estimating 4, by a (Q being a known p.d. weight matrix), the Bayes estimator
of y1y is

ep(Xy) = (1- B)X, t B (2.3)

Note that the Bayes estimator does not depend on the choice of Q. The multiplier
o Yis used in the loss because that makes X, a minimax estimator of y1; with constant
risk not depending on any unknown parameter.

In order to find an FB estimator of jiy, we estimate the unknown parameters I3
and 1 in (2.3) from the marginal distributions of Xy, X, and tr(V, 'S, 1 V,'S;). Note
that marginally X,, X; and tr(V, 'S, t V,'S;) are mutually independent with X, ~

Np(vyn, '(o + 1) V), (7 = 1,2) and tr(V, 'Sy VvV, 'S, ~ 0 X, i, 2)p- Hence the
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complete sufficient statistic for (v, 7?,0?) based on this marginal distribution is (W, 7,
tr(V!S, + V;'S;)) where W = (0, V! + n, V7)Y (n, V' X, + n, V7' X,) is the
pooled sample mean, Z = YT (n['V,4+n;!'V;)"'Y and Y = X, -X,. Also, marginally,
W ~ No(v, (0? + ), VP + V), Y ~ N(0,(ny' Vi + 1, ' Vi) (0? + 7%)) and
te(Vi'Sy + V3'Sy) ~ 0’xi, 1, gy Uence, the UMVUE of v is W, while the
UMVUE of (o + %) Vis (p — 2)/(YT(n;'V, + n;'V;)"'Y). The last assertion
follows since YT (n;'V, + n;'V,)~'Y ~ (o2 ¢ 7)x2. Moreover since ir(V{'S,
V;!S3) ~ 02x2 ,n, 2)p the best scale invariant estimator of 0% is ((ny +n,—2)p +2) "
tr(V, 'Sy + V;'S;). Substituting these estimators for v, (¢? + 72)~! and ¢? in (2.3),
one gets the B estimator of u; as

een(X1,X2,81,8) = (1 - B)Xy + BW = W 4 (1 - B)(X, - W) (2.4)

where

(p — Z)LF(V;‘S| + V2_182)
((ne + na = 2)p +2)YT (n{'Vy + ny'Vy)-1Y

B= (2.5)
Remark 2.1 Note that 0 < B < 1, while the estimator B though positive can
values erceeding one. Accordingly, for practical purposes, one proposes the positive
part I3 estimator

ern(X1,X2,81.8,) = W+ (1 - B)' (X, - W). (2.6)
of ju,, where at = max(a,0). For simplicity of exposilion, in the remainder of this
section, we shall, however, work with egp rather than egp.

A question that naturally arises is why this particular method of estimation is
used for estimating the prior parameters. We shall answer the question by proving
the “optimality™ of egp within the class of estimators

etr(V, 'S, + V, 1S,) ~

6.(X1,X2.8,,8;) = W (1 : ; ; X, - W),
o Xe S0 8 =W (o g = 2p = 2T (V2 1y 1y 0 )

where ¢(~ 0) is a constant. Note that egp = §,,_;.

Theovem 2.1 The Bayes risk of 6. under the assumed prior (say £) and the loss
(2.2) 15 given by

r(&,6.) = (1 - U)n,"t,r(QVI) I Btr(Q(n,V, vy nV, " 1)
+ ”Ll’(Ql\(Nl ‘V‘ } 7)2|V2)AT)
cz(nl b ny  2) 2,-(“,!_1,1‘2_#_%2_
(i Ve~ p 1 ¥ (p=2) (mrimy 2)pra (2.8)
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= 5
where A ts defined following (2.11) below.
Proof :

The second part of the theorem follows immediately from (2.8). To prove the first

part, write

E: r(€,6.) = r(€,ep) + 0" E|(ep — 6.)TQ(ep ~ 6.)) (2.9)

Note from (2.1) to (2.3) that

r(¢€,eg) = (1 - B)n;'tr(QV)) (2.10)
Also, writing B, = etr(V]'S; 4+ V;!8,))/{ny + ng = 2)p +2) YT (n7'V +n7'V,) 'Y},
one gets
ep—6. = (1-B)X;+DBv—-W — (1 - B)(X, - W)
= —-B(W -v)+(B. - B)(X, - W)
= —B(W -v)+ (8. - B)JAY, (2.11)
A = (V' +n, V) n, Vol

Next using the independence of W and (Y, tr(V{'S, + V;!S;)) and the facts that
E(W) = v, Var(W) = (6 +73)(n, V] 4+ n,V; ) ' =02 B Y (n, V[ +1n,V; ') !, one
gets

E[(QP - 6()TQ(GB - 5,:”
= BE[(W - v)"Q(W --v)| - E[(B. - B)*YTATQAY)
= a?Bte{Q(n,V, ' + V)T E[(B. - B)PYTATQAY) (2.12)

Now we find

BB, - BXYTATQAY]
2{“‘(‘/1 ql | V q))}z

o . SLIG . YTATQAY
{{(n, }ng - 2)7) P 2)? {YT(rf'Vl +n, 1’2) 'Y}z( IAY)

2B¢ te(Vy 'Sy bV 's) - N

Y 'ATQAY '

{(my Vg - 2)p 4 2} {YT(n;'V, + n;'Vy) 'Y}( QAY) ;

o BYYTATQAY)) (2.13) -

)

Using the indopendenro of Y and tr(V,'S; + V,'S;) along with the fact that d

b(V'S) -V, 'Sy) ~o?xE 2)p it follows that the right hand side of (2.13) -

A N N D S o v St I




“204("'1 4- ng — 2)p YTATQAY
(i +ne-2)p+2 {YT(n; Vi +n;'V5)'Y)?
2Beo’(ny +ny = 2)p YTATQAY 2(yT AT
+ BY(YTATQAY
(4 n,-2)p+2 {YT(n“lVl + ng'Vy)- 'y} ( QAY))
(2.14)

Next observe that YT (n[!'V, 4+ n;'V;)"'Y is a function of the complete sufficient
statistic while (YTATQAY)/(YT (n7'Vy 4+ n;'V,) 1Y) is ancillary. Now using Basu’s
theorem (or Lemma 1 of Ghosh et al (1987)) along with F(YTATQAY) = (0% + r?)
tr(QA(n, 'Vi+ng 'V;)AT) E(YT(n;'V,+n;'V2)"'Y) = p(o?+7?),and E(YT (n; 'V, +
') YY) = (02 7)Y (p - 2) 7!, it follows that the right hand side of (2.14)

2o B(ny + ny - 2)ptr(QA(ny'Vy 1 n7'WV,)AT)
{{(ny +n, = 2)p +2}p(p - 2)
2c02B(ny + ny - 2)ptr(QA(n;'Vy + ny'Vy)AT)
{(ny Fny—2)p+2}p
+ ot B (QA (0TI, g 'V,)AT) (2.15)

It follows from (2.12) -

(2.15) that

. ny

PR AL A i

Y 'i'-

A

. =
s 27
Py
At

T

« v o

1T

S

SRR

El(en - 6)7Q(en - 6.)]

= IBe(Q(m V! F gV, )Y 4 ot Bur(QA(n, 'V 1 g V) AT
et(ny + ny - 2) 2¢(ny - ny - 2)

{(mitmy-2p 12} p-2) (ngtmny-2)p+2

The proof of the theorem is complete from (2.9}, (2.10) and (2.16).

Next we compare the Bayes risks of epp and X,. Note that X, has constant
risk, and hence constant Bayes risk (under any prior) o?n;'tr(QV(). Rather than
comparing the Baves risks of egp and X, diroét]y, we find it convenient to introduce
the notion of Relative Savings Loss (RSL) as in ffron and Morris (1973).

For any estimator e of juy, the RS, of egp with respect to e (under the prior £)
is defined as

11 (2.16)

RSL(&een,e) = [r(&erp) —r(&en)]/Ir(ée) - r(E ep)
= 1 [r(&e) - r(&epn)l/[r(&.e) - r(&en)l (2.17)

This is the proportion of the possible Bayes risk improvement over e that is sacrificed
by the use of egp rather than the ideal eg under the prior & From (2.8) withe =p -2
and (2.10), it follows that

- . e e
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- ['.I‘(Q(I”V'l |-112V;')_')
bR (QA(, Vi ny TV)AT) ((,;f‘f(—;'f-';;';f-%)',,»'-%;-i)”"' (@I (208

Note Lhal the above RSI, expression does not depend on any unknown parameter.
Also, from (2.18), since 2(ny + ny — 1) < (ny + ny = 2)p + 2, and

(mV, by n,V{')_' 1AM Vb VAT =0 Yy, (2.19)

it follows that RSL(&epp, X ) < 1 which is equivalent to r(€,0pn) < r(€,X,).
Thus egp has smaller Bayes risk than X,. A prool of (2.19), follows easily from
simultanecous diagonalization of Vi and V,. Alternaltively, wriling

A= (V7 V) Tyt = [V, RENZEE n2V|}V'“'I' Tty !

- n"v'(ni"‘ﬁ |- "é"Vz)ﬁl,

il Tolows thal

(Vo VY ATV T VAT = o TAV, e A,
An 'Vt ny'Wa) = 'V,
which is (2.19).

FFinally, in Lhis seclion, we compare Lhe Bayes risk of epp wilth that of W. Nole
Lhat W has Bayes risk

(&, W) —r(&en)to 'zf'j[(on W)TQ((\" - W) (2.20)

Since ey - W = (I D)Xy 0 By - W = - DBW o)t (1 BYX, W) -
MW ) 1 (1 BYAY where A s defined following (2.11), nsing once again the
independence of Woand Y, it follows that

";I(f’n W)T(J((‘n W)l
A (Q(m V) VY Y (0 )P E(YTATQAY)
=B (Q(m VU V)Y Y e (0 B e (QA (V4 0y TVAT (2021

Thaos from (2.10), (2.20) and (2.21),
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r(¢, W) = n (0= Bie(QVy) + B(Q(my Vit V)
+ (1= BB " (QA(ny'Vy 4 n, 'Vy)AT) (2.22)

Finally, from (2.8) with ¢ = p--2, (2.10) and (2.22), it follows that RSL(¢ egp, W) =
[7(f-°nn) T(fy‘?n)]/fr(f‘ W) — r(f,“n)f

2(nitn,y -1 -
i Gﬁéﬁ%}iﬁtf(QA("l Vi b, "Wo)AT) (2.23)

tr(Q(m V' 1 nyVy )
Y4 (1 = B2B-2r(QA(n, 'V + 1, 'V,)AT)

1.
)
S r(Q ViVt
which is less than one if and only if
{(1 - B)Y/BY >2(n(+ny - 1)/ {{ny +ny —2)p +2} (2.24)

Remark 2.2 The fact that egy does not dominate W untformly 1s not al all sur-
prising. lf, for erample, 1% is very small and 11y is nearly degenerate al v, then W
is much closer o v than egp. Indeed, in this case B = o®/(0? + 1) is very close lo
[ so that (2.24) cannot hold. However, when o® < 1% then 3 < % s (L-B)/B>1
so that (2.24) holds.
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s 3. Minimax Estimation
o
) i', It is well known that under the loss given in (2.2), X, is a minimax estimator of i
R with constant risk n;!' tr(QV,). In this section, first we find a class of estimators
> including egp as a member which dominates X; under certain conditions, and then
3 )
' - invesligate whether egp satisfies these conditions.
. With this end, first write
.\J
g
» F = (YT(nl_IVl - n;lvz)—lY)/{tr(Vl_lS, +V2—152)/((77,1 +712 —2)P+2)} (31)
o
[n? and consider the class of estimators
ol
Y _ -
o nt =X~ (#(F)/F)(X, - W) (32)
i for estimaling 1. Note that egp belongs to this class with ¢(F) = p — 2. We now
._:-: compute Lhe frequentist risk of the estimator u.';’ (i.e. without any reference to the
:.f: prior £). Throughout this section, E denotes expectation conditional on and p,.
o
R Theorem 3.1
L El(kf - 1) Quf - m))/o”
- R ¢(F), #(F) YTATQAY
r
i + ('” )YTATQAYI (3.3)
e
‘A _ —
A where V.= n{'V| + n;'V,.
o . :
- Proof: First write
2 El(u} - )" Q(n] — 1))
:‘_’-\. = E[Xi - p1)TQXy — 1)
7N — 2((F)/F)YYTATQX, — 11y)
2 + (*(F)/F)YTATQAY]| (3.4)
v where we have used the fact that X, — W = AY. Next writing X; = W + AY and
N'fn‘ correspondingly uy = p. + Ajp where p. = (n,V," + n,Vz") ‘("1"’{'#1 + naVy ey)
‘\1 and jrg = jy - jig, one gets
i
f:f E](¢(F)/F)YTATQ(X, - Nl)]
Ca
o = ”"l((ﬁ(f)/l“)YTATQ(( ~ e 4 MY - o))
\
2N = E|(&(F)/F)YTATQA(Y - jo)] (3.5)
by
z
o
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| where in the final step of (3.5), one uses the independence of (Y, tr(V,7'S; + V,715;)) ’
: with W as well as '{W) = u,. Now since V is p.d., there exists a nonsingular D such ':.
[ tht D 'V(D )T - I,. Write Z = D 'Y and ny = D 'yry. Then Z ~ N,(n0,0%1,). hi
l We rewrite L
| YTATQA(Y - po) = ZTU(Z - o), (3.6) 3
: where U = ((n,;)) = DTATQAD. Also, in terms of Z,F = ZTZ/{tt(V,"'S, + \
Vo 'S:)/((ny + ny - 2)p + 2)}. Now using Stein's identity (cf. Stein (1981)), the ;’
independence of Z and tr(V, 'S, +V, 'S,), and (3.6), e
’
E|(#(F)/F)ZTU(Z - no)|
r [ r N
ey~ | 0 ) oF) <= »
-0 Fl-=({-——= u,, 7 " 1
= 9% { F ,2—‘- Y b
S T rx L — :
=1 | r F I {“(Vli"ql tvy IS‘A’)/(("I bng - 2)p 2} e
," (NI A A T T f
- o'F 4.’{ ,‘,) tr(U7) 4 2{?[(.12 . 'MA];} o ,Z iZ_~_ - - A
| F 2 F (Vs 113 'S) /(e +ma - 2)p 1 2))

| ,f(F)  #(F) . YTATQAY
- o' . tr(A"QAV) + 2 R o YV 1y

i Y T X X XA 'f.'

X
| P(F) . H(F)] YTATQAY ;
2 T v
- F/ 'v A ( ‘/ -t 4 — - . . 7 .'
o " r(ATQAV) + 2{¢'(F) i YY1y (3.7) :
N
The theorem follows now from (3.3), (3.4) and (3.7). ~Y
Next in this section we find an upper bound for E|(4*(F)/F*)YTATQAY|. We =
first get the inequality ?\
o
El#*(F)/F)(YTATQAY)]| 2
Fl(bz(” r YTATQAY  te(V, 'S0 4 1, 1) | ;\
A & YTV Y  {(n 4 ny 2p i 2) i
ch (ATQAVYE[R (FYF - te(V, NS 1V, 'S i((my 1oy 2)p 1 2)] o
(3.R) _'
~
where ch (AT QAV) denotes the largest eigen value of AT QAV and h(F) - SME)F. »
Next applying (2.18) of Kfron and Morris (1976), one gets o
b))
-y 2 A n [ P ’ 1 ¢ . . w
DR (F)YFu (Vs 3 vy 18) /(g 4 ng 2)p v 2)] N
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(nl +n.2 —2)p 2
= F -h*(F
[(n, +ny—2)p+2 (F)F +

2 tr(Vy'S) + V1S,
(n,+n2—2)p+2'(n, +n, -2)p+2
F
tr(V,7'S, + V7 1S) /((my + na — 2)p 4+ 2))l
_ o’E[ (ry+n2—2)p  ¢*(F)
(ny +np —2)p+2 F

e (R ) e

L [#) 4 o
_ oE[ O o ) (39)

(2h(F)K'(F)F + h*(F))(-

From (3.8) and (3.9), one gets
2
E[d’F(z) (YTATQAY)]

(F) 4

¢2
< TQAV
olch (ATQAV)E [ Tt g —2)p 42

¢(F)¢'(F)] (3.10)

Combining (3.3) and (3.10), one gets

"'—25[(1‘4h - /’l)TQ(ﬂf - ) ~ (Xl - II'I)TQ(XI — 1)
; TAT
< -2B [‘“ f(ATQAV) + 2(¢'(F) - d’(r))y : QAY]

F ' YTV-1y
¢*(F) 4
+ chi(ATQAV)E -

hi(A7QAV) [ (ny +nz — 2)p + 2

¢>(F)¢'(F)] (3.11)

The following theorem is now easy Lo prove from (3.11). Recall that A = (n, V"' +
”.2"'2 ')71n2v2_1 and V = nl_lV| + n;lV2.

Theorem 3.2 Suppose that

(i) te(ATQAV) > 2ch, (ATQAV)
(1) 0~ &(F) < c::((AATQQAA‘iV)) 2| and

(1) d(F) T in I

hold. Then a"E[(u.f — )Tt - i) — (X¢ = 12)TQ(Xy — 11)] < 0 for all yuy and
.
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Proof : Using (iii), it follows from (3.11) that !
o P El(nf - 1) Q] - 1) — (Ko - )T QX - 1)) ‘
[ ¢(F) ¢(F) YTATQAY 1 4%(F)
< 2E —F—:.r(ATQAV) t2 e vy Y T ch (ATQAV)
; . : .
< 2F —ﬂf—)tr(ATQAV) + ZMchl(ATQAV) + ld’—(—r—)ch,(lTQAV)]
| F F 2 F
o] P - tr(ATQAV) . 3
= 2F -——ZF—ch,(A QAV) {2 (WQ_AV—) ~2) - qs(r)}
< 0 . (3.12)

using conditions (i) and (ii) of the theorem.

Remark 3.1 1t is an immediate consequence of the above theorem that if condition

(i) of Theorem 3 holds, and 0 < p — 2 < 2[(tr(ATQAV)/ch {ATQAV) - 2], then

the LB estimators erp dominates X,;. In particular, if Q = V, = V, = I, then -
ir(ATQAV) = p ch,(ATQAV), and hence egp dominates X, for p > 3.

[n the remainder of this section we show how a modified EB estimator can domi-
nate the PTE. Once again, an appeal to Theorem 3.1 is made.

A PTE éprg of u, is of the form éprr = ¢(F)X,; + (1 — g(F))W = X, - (1 -
g(F))(Xy - W) where g(F) = Iir >4 for some positive constant d, and [ denotes the
usual indicator function. The choice of d is governed by the level of significance that ’
is used for testing Iy : jt; = ;. We propose the rival estimator ‘

c

bmen = Xy - (1 (1 F)Q(F))(Xl - W) .
"
= W (1= ()X - W) (3.13) ;

which is a modified version of egg with p — 2 replaced by a general ¢. Note that

dmrn = W when g(F) = 0, but épen = 6gp when g(F) = 1. The following theorem
is then proved.

Theorem 3.3 Suppose condition (1) of Theorem 3.2 holds and 0 - ¢ - 2[(_"""((":,%"1“"/)) ,
2|. Then

o 2 E[(6mep — 11)" Q(6men - 1) — (bpre - 111)TQ(6prE - 111)] <0 (3.14)

Jor all 1, and ji,.




RSy -

W

[\

o2

v;.

Q‘l

.2:1

J

i 13

"'.

" Proof :

5 Write ¢,(I") = F(1 - g(F)) and $2(F) = F(1 — (1 = £)g(F)) = ¢:1(F) + cg(F).

‘:l' Then 6]*1';:; = X[ - (ng(F)/F)(X, - W) while 65”:;3 = Xl - (d:z(F)/F)(X, - W)

e Note that both ¢,(F) and ¢;(F) are differentiable everywhere except at F = d. Thus

- #\(F) and ¢,(F) are defined a.e. (Lebesgue). Moreover, ¢,(F) — ¢,(F) = —cg(F),

= $2F) - $2(F) = —c*¢*(F) = —c*g(F) and ¢\ (F) = ¢}3(F) =1 —g(F) a.e. Lebesgue.

N Then, applying Theorem 3.1 twice once with ¢(F) = ¢2(F), and next with ¢(F) =

X #1(F), one gets :

Left hand side of (3.14)

B
it eg(F) 2 YTATQAY

|'. — [ 9 4 T — g

:::: = 217[ P tr(A"QAV) ch(F) YTY-1y
W, 2

3 v o [C 7{r) -(YTATQAY)]

o F
[ < —2E ['g(r) tr(ATQAV) — lcg(F)cln,(ATQAV)]
N

N . tr(Vy 1g v, TAT

poy N 0_2,‘;09([’).,? r( ok 92).YAQAY
o F? (my+ny—2)p+2 YTV-IY

- F F
M < -2E [fi(F—lt.r(ATQAV) - 2_cgu -ch,(ATQAV)]

v )
W c*g*(F) tr(ATQAV)

. - VI e ——— 3.15

! (h (A QA ) [ 112 F ("| + ng — 2)]7 +2 ( ))

-

:,'.‘E Applying (2.18) of Iifron and Morris (1976) again with ¢(F) = g(F) so that ¢'(F) =0
'5.':: e. L.ebesgue, one gels

;;

& (r) / 1 1
:: (3.16)

:-': Now from (3.15) and (3.16), lelt hand side of (3.14)
o
-.j .| ca(F) Toyat tr(ATQAV) )
": < ~L[ P chy(A"QAV) {2 chy(ATQAV) 2 c 1
A -0 (3.17) ]
po ' L

by using the upper bound of ¢ given in this theorem. The proof of the theorem is

L5 complete. h
N ]

oy ]
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Remark 3.2 Note that when Q =V, =V, = I,, the conditions of the theorem hold
when 0 < ¢ < 2(p — 2), and in particular whenc=p -2, p > 3.
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o4 4. Hierarchical Bayes Estimation
N
o Section 2 is devoted to classical empirical Bayes estimation, i.e. when the unknown
HIy prior parameters are estimated by classical methods of estimatin such as uniformly
o minimum variance unbiased estimation, maximum likelihood estimation, best invari-
';.:-. ant estimation etc. Instead, one can assign prior distributions (proper or improper)
’:.: to the hyperparameters, and come up with hierarchical Bayes (HI3) estimators of y,.
::, Note that in a classical EB approach, the lower stage Bayesian analysis is performed
N as il the hyperparameters were known a priori. This approach ignores the error as-
e sociated with the estimation of the hyperparameters. On the other hand, the HB
Ay approach models the uncertainty of the hyperparameters by the second stage prior.
o Accordingly, unlike positive part EB estimators, the H[B estimators are smooth, and
NN bear the potentiality of being admissible.
‘ To introduce the 13 model, first note that as in Section 2, one may start with
:\-‘ the minimal sufficient statistic (X, X, tr(V,7'Sy + V,'Sy)). Wril.o r_" = 0% and
“?{‘ (pr)™" — 72 ie. p = 0¥/’ Now conditional 'on Itz and r; X, X, and }I -
:‘, te(V, 'S0 1V, 1'S,y) are mutually independent, with X, ~ N, (yry, (nyr)'V,), X, ~
] Np(pt2, (n2r)'V3) and U ~ r Xt 4ng-2)p-  Next we assume that conditional on
& v, p and r, g and py are mutually independent with iy ~ N(v, (rp) 'n;'V) and
t:z: 2 ~ N(v, n,"(pr)‘ 'V,). Also, il is as;l;;nke?thwu, p and r are mutually independent.
::,-: with v uniform on I", p has the type Il Beta distribution with pdf h;(p) oc p™ (1 1
'f_ p) " o) where m(> 0) is known, while r has a gamma distribution with pdf
o o ha(r) ocexp(-3or)r® ' (> 0) and 6(> 0) being known. We shall aim at finding the
.‘ posterior distributin of ¢ = (p7, 61 given X, X, and u.
:;:: First note that the joint prior distribution of y1y, 13,1, 7 and p is given by
-7 f(nispz vy rip) o (pr)"
'_:_':" ~0xp[~/;vr-{n|(/1, =)V Yy~ v) (i - )TV Y - )
N hi(p)ha(r) (4.1)
:E:: Next observe that
3
T (g I/)TV, I([l,l ) b (g l’)T"'zrl(/’z )
ey = )V e )
::: + n,;:T\’,"';L, 1 112;/;'\«’2”';/2 - ;I.Z'V, ", (4.2)
o where one may recall that y, = (n,"',’lrirnzl’z YV ey bngVy iy = (A Y 1 ST
e nat, Npg) with Vo1 = m V't naV, ' Now integrating with respect to 1, one gets
7% the joint pdf of iy, p12, r and p in the form f(yy,402.7.p)
.r?:
'M, o (pr)"/2 exp| {;r{n.,/l,.,"‘/'l Yy o n,/t;'V,z Y ouv, Y Hh(p)ha(r) (4.3)
.N
N
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The exponent in (4.3) is easily simplified as
n.l;L,TV,"‘u, + 712/L2TV2"';1,2 - uTv. ',
= ul{nm V"' VW Vi g b )l gVt - gV Won, V)
- ,,,,Tn.v,—'v.nzv;'u, - ,Jn,v;‘v.n.vl“u, (4.4)

where V. = (n, V! ¢ n,v,—')-'. Also, the joint pdf of X;,X; and U conditional on
s, 112 and r is given by

I(X].xz,uhtl,ﬂq,r)
o« rPexpl—r/2{n (X, - 1;)TV Ry = ) +ona(Ry — )TV U (R - pg)))
exp(~ru/2)n("' +nq—»2)p/2—lr(n. tna-2)p/2 (45)

Next we calculate
. o Ty 1 " o Ty -1
G = n(py — X)) Vi (i — X)) 4+ ng(iee — X2) Vo (12 — Xq)
b p{n,leV,"’u, + ng;:.zTVz";l,z - ;L,TV"";L.} : (1.6)

which is needed to derive the posterior distribution of u given %;,%; and u. Using
(4.4) and straightforward algebra, one gets

- = ‘l,lT ’)ll“'l + [LIDgzllz — 2[I.TD|2[L2 - 2n'x’lr‘/l_ll,‘| _ anx;r‘/z—l“2
TV b ngxl V'R, (4.7)
where
Dy = nVi' 4 p{m Vit - Vo V),
D2y = "zVZ"' 1 p{n,V, ! - n,v;‘v.n,v, ",
Dy = pmV, 'V.nzvz" (4.8)

We now write ¢ as () + (G, where

Gy = (- An%, - AlziZ)T”n(l'l - AnXy - AnpXy)
b AuXy - An’—(z)r”n(llz - AnRy - ApRy)
2y ARy AaX) Dol Ank  An%,) (1.9)

and

oy fvx'
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(:2 = |n,XTl’l"R‘ + nzx;“/z- If(g -— (A”ﬁl t A|222)7.1)”(/1“X| { A|2X2)
(Anxy + An’_(z)rl)n(/‘uil + AyX,)
+ 2(A||)—(| + Aniz)rl)”(/’g])—(] B Azgiz)] (410)
From (4.7), (4.9) and (1.10), it follows that A, , A, A2, and A,y satisfy
I)||A” — ])|2A2| — 71|V| !
,,)22/122 - I)T2/‘|2 - 772‘/'2 !
DAy = DAy
DAy = DAy, (4.11)
which can be rewrillen as
Ay = Dy oA An = Dy DI, Ay,
(v DDy DUYAG = my V!
(D DLD'Di) Ay = npV,! (4.12)

The following lemma whose proof is given in the Appendix is crucial to further
simplifv (/2. Recall that B = a*/(a® 1+ %) = p/{1 + p) and W = (n, V" 4
by ) YV Tk 772"'2")'(2) - V"(n,V,")"Q } 712\/{')—(2).

Lemma 4.1
A“‘Z| 15 /‘|2R2 - (l - ’})XI t nW T hl(Sﬂy) (413)

/12|i| 1 Azgiz - (l ,)))_(2 + ,]W . h'z(Sﬂy) ("l")

From (4.10), (1.13) and (4.14), (75 can be simplified as

(vqy — n.)’(-,r\-'l Yy i 7725(’;“"2 %,
{(0 mx BWTYD{(0 Bk, 1 BW)
{(v - I BWTY D {(1 R)x, 1 BW)
b2 )R] BWTIDR{(1 - B)%, 1 BW}
Tlnv, ' {0 - D)
R VWD By Be VoV
(B vy W) Dy (B VALY
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Using (4.8) and (1.16), it is possible to simplifly G considerably. This is done in the
following LLernma whose proof appears in the Appendix.

Lemma 4.2 Gy - BIxT{n,V, " -0V Won Vi g 0 xT {(ngVy -ona V7 'an, Vi g,
'ZXT(mV,"V.nsz l))—(2]

Therelore, from (4.9 ), Lemma 4.1 and Lemma 4.2, G can be written as
R (T "I)TI)II(/"I = by) + (1 - bz)rDzz(M = ba) - 2(i1 - bl)TDlz(llz - by)
[ l?[xlTl)” A SERE RII)Z'Z + X, 25(|Tl)|2+512| (4‘7)
where
D+ = nlv,-‘ - n,Vl_'V.n,Vl"'

Dygy — nsz"'— 71.2‘f’2"l"‘r12"2”'
Dygv = myV, 'V, V! (4.1R)

Returning to (1.3) and (4.5), the joint pdf of Xy,Xa, 1,41y, 12,7 and p is given by

p
4
)
"
h
i 18
E + 2{(| - B)I + Bn,Vl"V.}I)n(Ban.V,")I)'(l
; N A ()]
i FooBngVy 'V Dp{(1 - BY + BnaVv, ')
i (Bn,V, "W DG (Bro VoV v 2{(1 - B)I
{ FooBn V' DT (B V.V, 1R,
E - ®[[{(1= B+ BV VD (BraV Y, )
Y + (Bn,V,"V.)Dn(l - B)I
booBnVV Y+ 2{(1 - BT+ BV VY DR{(1 - B)I

[ 1 Bn,V.V, '} R,
) !
b — xT{(Bn,V, 'V DL {(1 - B)I
'i + By V.V' - {() = B+ BV 'V Dy
n B(n,V.V,"") + 2(Bn,V, 'V.) Dy (Bn, V.V 1R, (4.15)
3
E From (4.8), one gets

I]|| f ,)22 - 2[)]2 = (l + ﬂ)("l“/l‘l { rr2V2 ‘) - ﬂ(ﬂ,l‘/IW‘ | "'l":l ')‘"’.(771""“ +4 7?2‘.2
4 = n,V"' 1 n,aV, '(sinre v, ! = n 'V, "y n.,Vz"')
' = v (1.16)
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: f(il1)_(2'"‘v“lyll'2vrvp)

B o< rP{pr)r/? . exp|- %Gl cexp|-ru/2|

,; u(n|+n2—2)p/2—lr(n| Crng-Z)p/Zhl(p)hz(r) (41())
- It follows from (4.17) and (4.19) that conditional on Xy.Xq.u,r and g,

!

'

-1
i b, 1 Dy Dy
( It ) Nar {( b, ) ! (—{)}'2 Dy, (4.20)

™ Also, integrating out with respect to o, and jiq, it follows from (1.19) that the joint.
pdl of Xy, X3, 7,7 and p is given by

S

: D Dy |2 r

X [(%1 Kauurip) o (or)/| 0 DT T ssy

= =Dy, Dy 2

~

: r(”l tny 2)p/2 ”'("l‘"! 2)p/2 1, ﬂ'""(l {- p)’('"") .px')( r(vr/2)r“'

_ (4.21)

where
SS = KDy &y KT Dy v %5 - 2%T Dy v % (1.22

- SOy oy Xy 7 /22 ¥ Xy Xy g v Xy 22)
\ Now, from (4.8), one gets

< D Dy
N DI, Dy
: | SRS R T4 ¥4 1 r o 1yr -1
S (11 p) mt 0 ” m vV Vom v miVy TEon, g

. 0 n,Vv, ! naVy W VY v, "Won,b, !

sl r o 1

- 2 m Vv, 0 mV, . Pt
L (1t p) ( 0 naly ! I3 paVy ! Vi V) TomgVy )

. -

) ay | MV 0

- (' ! r ) 0 772"2 !

¢ .
- ) v, ! )
'\-. 0 “2A 7'2 2 0 ‘-IA
na "y
E 2n - . o g ,‘," 0 ny ! X
(v p) ‘n,‘l Hr12\2 l/,. By, Tnat, )( ”' :'i ”2‘.2| v,

A . . .
N (o oy vy e BLE (sinee V00 Vgl Y
: (1 /’)"‘”I"u 'H”z"z 'l (1.23)
v
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3 ilence, from (4.21) and (4.23), one gets -
-
fa'
>
! P2 (n) tna - 1)p/2 ~p/? r 9
[(Ri,Rq,r,p) o pllir (14 p) exp[«i(u + BSSy + o] !
u(n|+n2—2)p/241 . rﬁ—lpm--l(l I p)——(m+l) (424) .:‘.
' Integrating out with respect to r, one gets the joint pdf of X,,X;.U and p as 0,
-
4 r/? ’
J(Xi. %z, u.p) _n wlridma=2/2 Yy L BSS, 4 a) (retna Un/2-f py
; 1Ltp -
: 1) (4.25) :
. Using the transformation p/(1 + p) = B provides the joint pdf of X, X, U/ and B as ' 4
» :-':
) e
[ F(Rq. Koou, B) oc Br/AHm tylmitnas 20/2-10, 4 BES pog)(mitna De/2 4 (4 96) 5t
oy
-\
Next observe from (4.20) and (1.13) that '
E([I,|‘B.X|,XZ‘II.,T) = bl = ([ - B)X, -+ [}W ::
Henee the I estimator of g is o
)
E([lvl,)_(l,)_(g,lt) =Xy - [’7(13,)’(.,5(2.1/)()’&, W) (427) ::
"N
But, from (1.26), one gets ::“‘_
i
[1 np/?}m vw4 BSS ey »(n,!n;—l)p/2-ﬁdn !
E(BI%y %pou) — ( nt o) (4.28) =
[, Briztm Yy BSSy o) tmitmaOe/2 4413
. <
) Remark 4.1 From simultaneous disgonalization of nV, ' and nyV, ' it is easy fo ".-_:jj
show from (4.18) that "-":
2
Digy = Dygv = Dygv = (mVy 1 ymgby, ') Y (4.29) j
so that from (4.22) one gets -
>
S.Q" = (i) i(z)T(fl,",rl } 712"'2 |)7 I()—(| i:) (41”) "1
whicl is precisely the numerator of I defined in (3.1). :\:
' oy
N
3
o
)
A
N A R S T N S o e P e o s g g T P g S S T e SN )
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Remark 4.2 1t s sometimes possible to reduce the above 1IB estimalor to an KB

estimator of the form %, — (d(F)/F}x, - W). Consider [or example the sitnation

A1

when o = 0 e, I has the improper prior hy(r) = r Now wriling v = SSy/u,

we note from (4.30) that I" = ((ny +ng - 2)p + 2)v. Also, for o« = 0, it follows from
(1.28) that

! (ny fn (I ] X (e deq -t
Flge ) - ey U [ v ey TR
Ty 4]
I /l ( I ) (",1,4"'_:2_—;}'1'06 -m -2 ( l;” >; Im 1'(‘/,}
- P [ A R
o \l + Buv I+ Bv (L+ Dv)?
n A4 D L+ o (t+ Dv)?
v/(tie) nykng p
- v_l/ u'i‘m(l u)(' PR w2
n
. v/{Ltw) ’ Wy ke 2y
—/ u’z*"‘"(l u)( P et gy, (1.31)
n
From (4.31) it follows tht (I3 | X,,Xs.u) can be expressed as ¢ v (1#)/v = H(¥) /[
Next note that integration by parts gives niimerator of (1.31)
i < " )'z"’"(l i) e WV“”‘”I
- "
It ("»""; Moys oo I iy
Pt om) u/(en) (o) b :
} oo . (EZ I . / ull‘m I(] 1[)‘71"' ?z_ ,"L4A,'",|d“ ...
n(g"‘L"{r L 1) "o
pt 2m .
v{(ny tmy 2)pt 26 2m 2}
vi{lir) , aytn 2p
/ W' "1 u)' A Ydu (1.32)
Henee from (1.31) and (1.32), :
. - pt2m
(D)X, %o, u) - . -
(71x1. Xz,11) r{{ny v my 2)p v 26 2m 2} 2
~(p p2m)((ny b ny 2)p it 2) (4.22) _\
F{{ny t nqy 2p 1+ 26 2m 2} -
<or that
. BF) (p v 2m)((ny i ny  2)p 1 2) "
' (ny v mg 2)p i 26 2m 2 g
2(p  2)

M T R T L T o o T T L L L LU [ SN
AN A YA "b,’\"\-"-."s"\"\.“\"&".’(x"\"\’&"-.':\"‘-‘F\.’\"-.' e,
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i 2mi((ny v ng 2)p+2) < 2(p-2){ny t nag = 2)p-2m —-2)("6 > ¢) —
p{2m(n, + ny) + 6} < p(p - N)n, + ny - 2) + 4m + 8 which holds whenever p > 5
and e - p o Ay b my 2) - 6}/2(n; 4 1), assuming ny + np > 8 Hence, for this
choice of m, (1) salisfies condition (i1) of Theorem 3.2 for Q =V, =V, = I, Also,
for @ Vi =V, = [, condition (i) of Theorem 3.2 automatically holds when p - 3.

Finally, noting that » is strictly increasing in I, and using the inequality
vibie) (nying-2p
/ ll-“m(l _“) 2 vE m-2 A

0
v/ 7] (nytng-2)
! b . ML oy - -
- / (I )u?“” l(l 7”) 5 1A -m ld”'

0" ./
v/ y)

r - npdng -2p %
TERRR I ") 2 '

™V, (4.34)
0

one gets alter direct differentiation rﬁ’(t-)’f 0. Hence ¢*(») is | in v. Hence, condition

(1i1) of Theorem 3.7 also holds. Thereore, when a« = 0,Q =V, =V, = 1[,, p > 5 and

O m o {(p Ay v ng  2) 6}/2(ny 4 ny), the HDB estimator obtained in (4.27)

IS InInaY.

Remark 4.3 The conclusion given in Remark 1.2 hears strong resemblance to Straw-
derman (1971) in the one sample problem. However, the formuiation here is mnch
more general than the one given in Strawderman (1971) or Strawderman (1973).
INirst, the estimator is not shrunk towards zero or a prespecified point, but is shrunk

towards the pooled mean. In Strawderman (1971), r is assued to be known, whereas

27, ." «

in Strawderman (1973), 7 is assumed to belong to (v.cc) for some v ~ 0. Our for-

mlaiion is also more general than the one given in Morris (1983) because there r is
1

l'f-

%
-

assumed known and (pr) ' is given a uniform prior on (0, o0).

€ s e e -
A) 2 S T S
-:- a_a n v vy

. ~ -
2 et '-('y('.’ '.'.‘.

N,
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Tayagat,

N M L LY A e Yt e T p AT a e . N . o o . )
R R S A S A e P G A A LT AT R UL LN o



e hlaa e Ate tha dte hhat, N -4 4 B S ata ana- at oA A AN e ae e A Aeh Sl e o) veur
t - . U0 L b |-~ ‘.. N . . . e v L} ‘V‘ (‘ .". l', o« '.".Y A V“P'V' r"',"‘."',"'-"."l .‘- A A .V-.v;v-—‘ “V""""

b ] in -

S S »

b

23

[4

'."\v;:

A. Proofs

Proof of Lemma 4.1: To prove (4.13), note [rom (4.8) that

s S e W s
rd ’_l' - l',ﬂ'. .

S
A

(Dy2 = DDy D) Dy Dy = Dy DY Dy — DT,
— VM0 p){1 — BV.n,V, 7'} L Va .V,"lvl
p 1N m
V(U p){I - BVn V') — pnaVy W v,
. = (14 p)z//)')(l — anV{'V,)Vv_l(I - BV.n vy ') - pnz‘/"l" n|V|“'
oy - ({1 IAp)z/p)(l nnz‘/{'v.)((l BV V) - gV Vn,V :
g = ((L+p)2/p){(1 = B)ymVy 4+ ngVyt = B(1 = B)nyV, l\unl\/l !
o = BnaVy W VY — png Vo Won V!
= (14 0)/p){(1 = B)n V1 4 oV, " — B Vol BV ton V') -
pn.ZVZ“'V,n,V,_l

= (V7 vy Y/ B (A1)

. AR
‘,l ¢ "l‘ L'.‘.. \:

Ll iy
Lol Sl AL R

‘.l

so that

*

Dy Dia(Day = DI, D Dig) ™ = BV, (A.2)

and

s
[ "k"L" .”L"\

.
[N

/4

Dy - DRDG Do = (nVi! b mgVy YD Do/ B

-
3
" )

which yields by symmetry

o
LY

-
‘l“.(..,‘".

Dy - DDy, Dl = (v, "1 onaVy, YD, DL/ B (A.3)

llence from (41.8) one gets

»’_" .l".“ AS S ." .

]

(I)“ - ’)12[)27; 1)112)71 I}(’)-‘rz) l,)zz(nl‘/‘ ! - 772‘/2“)‘l

% |
= BT (U p)ng VYT - BV V)Y
n

= W1 BV, v, DY

*

q
LaLaAasAs
-z -
Al

|
“naVy, WL (A1)

P AR I

so thal

. V
(I)“ ’),2[)2-; [).112) '""’I - , ’} ‘772‘72 ""."1", ! (Ar))

L o OK A S .aa SR

IJ'J‘I.-.’."

\‘;\-'\l\‘-"-' -,
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which yields from (A.2)
(D~ DiaDy DL 'y ! Dy Dya(Dyy -~ DD Dyg) 'ng V!
v
= 1 B l'mV, "WV ' BVt
ny
v
= [ - B-l(nz\'.‘, 'y m 'V ')\".n,Vl"
ny
= (1 -m)7 (A.6)
(1.13) now follows upon writing from (4.12)
AnXy V ApXe = (D= DDy DL) 'V 4 Dy Dia(Dea - DD D) ooV, 5,

= Dy - DiaDyy D) 'naVit = D Dia(Daa — DT, DL D) 'y vy YR,
1 D DDy — DD Dig) H{naVy %y + V%)

and invoking (A.2) and (A.6). The proof of (1.14) is similar and hence omitted.

Proof of Lemma 4.2 The matrix appearing in X7 [|%; in (4.15) is simplified as

mv, ! {(t — Y+ BoVIWIDW{(U = BY+ B VLV
(I)n.Vl"'V,)[_)n(BnlV,V"') +2{(1 - B)I + B V'V D (B VoV
— oV, (1= B)YEDyy - B B) (VWL D F Dy VYY)
bo2B( BYDym Vv
BV, Wonvo!
— om0 B V(L )
pnlvl"\’.mv,"}
B By vy W V(1 p)

v 'V,n,VI '}
Ber o eV, Y1) .
p vy "'.n,\’| '}V.V, Y A
o200 B)pn, v 'V.nz\'z' 'V.n,Vl ! .E

By, "WV :::
n e () A ;
bomV, 'V'"l"l |{/’(I . n)z S:
2800 By p) B :’
V7 ET T A TSI S ST G CRTIR U S
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-4 2[”}(‘ - ]})7),\’l"lv. ".2‘/'2le. n.IV‘_l
= I?n.,Vf' + n,Vl"V.nlvl“'{p/(l + p)?
- 20/(10 1 p)* - 0?/(1 4 0)?}
- ,}["]Vl ! - n|vl>l‘l.7ll‘/|"|l (A?)
Analogously, the matrix appearing in XI'||X; in (4.15) comes oul as
oV, t (- BYL Y BngVy, WY Du{(1 - BYT 4+ Bn,V.oV,')
(BnV, WD (BraVLV Y 1 2{(1 - BY t BngVy 'V DL (Bna VoV, )
= BlnaV, ' - 0V Wang vy (A.8)

We show that the matrix appearing in X7 []%z in (4.15) is null i.e.,

{(1 — BT v BV "W D (B Vv, Y
(B, V, W) Dy (1 = B)L 1 BV.ngV, ')
Po2{(r BT Bo VWD - BYE Y BnaVV, 'Y =0 (A.9)

Left hand side of (A.9)

- I}(' ,})’)||‘I,722‘/2-‘ - I}(' - /3)71,,‘/'|‘|V, [)22 } 2(' - I})zl)'z
Fo2B(1 BY(DnV.naVy 4 m VoV D)
BV, WDy F Dy - 2D42)V.ona V!

(using (4.8) and (4.16))

- By BY{(1 p)nl"," pnﬂ"l"".n'\",' '}V,nsz"
B BV WA p)ngVy, b gV o, ')
b0 B eV Wb, 2B - B)pny vy TWong b, TR, V!

{ 2“(' /f)pn,lr" 'V‘nl‘/""V'”2V2'| _ [’)2"”"4‘/’"2‘;2,1

(using V, ' — n V0 npby )

mV, "WV Y 2B(0 = BY(V v op) b 20(1 - BY: O B4 pB(1 B) +2pB(1 - B
0, since I - p/(1 + p).
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Finally, we evaluate the matrix appearing in XI'[-]%, in (4.15), namely
2
—(Bn V"WV DW{(1 = B+ BV VT - (1 - BT
b BV, "W Dyg(BV.ony v, )
-+ 2(/317,!/2"!/'.)/)n(BV.anl"')
= B - BV 'WaDy - B(E - BYDgVeny v, !
B2,V "W (D Dag -~ 2D)Von V!
(using (4.8) and (4.16))
= -B(L= BV, VAL p)g V- o Vo VY
— B - BY{(1 4 p)naVy e oV Wong v, Won V!
— BV o v
(using V"' = n V7! 4 V)
= ~20n,V, 'Waon vt (A.10)

Combining (A.7)-(A.10), the prool of the lernma is complete.
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